Chemical Freeze-out Parameters via a Non-perturbative QCD Approach by Chen, Jing et al.
ar
X
iv
:1
51
0.
07
54
3v
1 
 [h
ep
-p
h]
  2
6 O
ct 
20
15
Chemical Freeze-out Parameters via a Non-perturbative QCD Approach
Jing Chen,1, 2 Fei Gao,1, 2 and Yu-xin Liu1, 2, 3, ∗
1Department of Physics and State Key Laboratory of Nuclear Physics and Technology, Peking University, Beijing 100871, China
2Collaborative Innovation Center of Quantum Matter, Beijing 100871, China
3Center for High Energy Physics, Peking University, Beijing 100871, China
By analyzing the calculated baryon number susceptibility ratios χB1 /χ
B
2 and χ
B
3 /χ
B
1 in two-flavor
system via the Dyson-Schwinger equation approach of QCD, we determine the chemical freeze-out
temperature and baryon chemical potential in cases of both thermodynamic limit and finite size. We
calculate the center-of-mass energy dependence of the χB4 /χ
B
2 (κσ
2) at the freeze-out line and find an
excellent agreement with experimental data in
√
SNN ≥ 19.6GeV region when taking into account
the finite size effect. Our calculations indicate that the κσ2 exhibits a non-monotonic behavior in
lower collision energy region.
PACS numbers: 25.75.Nq, 11.10.Wx, 12.38.Lg, 21.65.Qr
Introduction.— Phase transitions of strong interaction
matter have been explored for more than forty years since
the research may reveal the nature of the early universe
matter evolution [1–4]. The transitions include chiral
phase transition (from dynamical chiral symmetry to dy-
namical chiral symmetry breaking) which generates more
than 98% of the mass of visible matter and the confine-
ment transition (hadronization) which slaves the quarks
and gluons to hadrons. They are driven by the temper-
ature (T ) and the baryon density (ρB) or chemical po-
tential (µB). Since the strong interaction can be well de-
scribed by Quantum Chromodynamics (QCD), the above
mentioned phase transitions are usually referred to as
QCD phase transitions. Moreover, many calculations
(see, e.g., Refs. [3–17]) have shown that the chiral phase
transition at low chemical potential is a crossover at
physical quark mass. Theoretical calculations (see, e.g.,
Refs. [4, 7–17]) also indicate that the chiral phase transi-
tion at high chemical potential is first order. Therefore,
there would exist a critical end-point (CEP) in the T –µB
plane at which the first order phase transition turns to
crossover. The position of the CEP or even its existence
becomes thus one of the most significant topic in both
theories and experiments. Besides the efforts in theo-
ries, the Beam Energy Scan (BES) program at RHIC,
the FAIR at GSI and the NICA at DUBNA all take the
search of the CEP as their investigation focus (see, e.g.,
Refs. [18, 19]) and some meaningful information has been
provided by the RHIC experiments [20, 21].
In experiments, one can measure only the states after
the hadronization but not the phase transition directly,
and thus the chemical freeze-out line which is defined
as the set of states ceasing the inelastic collision of the
newly formed hadrons plays the essential role. Especially,
as the chemical freeze-out line approaches to the CEP,
nonmonotonic behavior of conserved charge fluctuations
could be observed [9, 22–24]. The freeze–out tempera-
ture and chemical potential have then been studied in
statistical hadronization model (SHM) [25–28], hadron
resonance gas (HRG) model [29, 30], lattice QCD sim-
ulations [31–34] and other models [35, 36]. In fact, the
matter system generated in relativistic heavy ion colli-
sion (RHIC) experiment has a finite size and cools in a
finite time [23, 37, 38]. The finite size and finite time
prevent the correlation length ξ from diverging near the
CEP, and smoothen the fluctuations [37]. Model calcula-
tions have shown that the finite size influences both the
phase diagram and the thermodynamical properties dras-
tically [39–43], the surface of the system may also play
the role [44–47]. The effects of the finite size and the
surface on the chemical freeze-out parameters will then
complement the information for searching the CEP in ex-
periments. However, different models give contradictory
results. It is therefore imperative to investigate the finite
size and the surface effects on the chemical freeze-out
parameters with sophisticated QCD approaches.
It has been known that Dyson-Schwinger equations
(DSE), a nonperturbative approach of QCD [48–53], have
been successful in describing QCD phase transitions (see,
e.g., Refs. [8–11, 50, 54–58]) and hadron properties (For
recent reviews, see Refs. [50, 51]). We then, in this Let-
ter, take the DSE approach to investigate the chemical
freeze-out parameters with the finite size and surface ef-
fects being taken into account. We calculate the baryon
number susceptibilities in two light-flavor quark system.
By comparing the obtained baryon number susceptibility
ratios χB1 /χ
B
2 and χ
B
3 /χ
B
1 with the experimental data of
the net-proton distribution comulant ratios C1/C2 and
C3/C1 at different collision energies, we determine the
freeze-out parameters. We observe that with the finite
size and surface effects being included, the calculated col-
lision energy dependence of the χB4 /χ
B
2 agrees with the
experimental data in
√
SNN ≥ 19.6GeV region excel-
lently. Moreover, we propose a nonmonotonic behavior
of κσ2 in lower collision energy region.
Theoretical Framework.— Experimental observations in-
dicate that the yields of pion and proton are much larger
than that of kaon [28], we can then simplify the matter
generated in RHIC experiments as that including mainly
two light flavor quarks. In the system of u and d quarks,
2baryon number density nB and electric charge density
nQ can be fixed with quark number density nu,d as:
nB =
1
3
nu +
1
3
nd , nQ =
2
3
nu −
1
3
nd . (1)
From Eq. (1) one can notice that, if we only consider the
baryon number, the u and d quarks are in exact isospin
symmetry. In this sense, both the u quark and d quark
hold the same quark chemical potential µq = µB/3, and
the quark number density nq = 3nB.
In view of statistical physics, the quark number density
can be determined as
nq(µq, T ) = 2NcNfZ2
∫
∞
−∞
d3~p
(2π)3
f1(|~p|;µq, T ) , (2)
f1(|~p|;µq, T ) =
T
2
∞∑
j=−∞
trD(−γ4S(iω˜j, ~p)), (3)
where Z2 is the quark wave-function renormalization con-
stant, Nc = 3 the color number, and Nf = 2 the flavor
number. The S(iω˜j, ~p) is the quark propagator which can
be fixed by solving the Dyson-Schwinger equation
S−1(iω˜j, ~p) = i~γ · ~p+ iγ4ω˜j +m0 + 43T
∞∑
l=−∞
∫
∞
−∞
d3~q
(2π)3 g
2
×Dµν(~k,Ωjl;T, µq)γµS(iω˜l, ~q)Γν(~p, ω˜j , ~q, ω˜l;T, µq) , (4)
where m0 is the current quark mass, Dµν is the dressed-
gluon propagator, Γν is the dressed quark-gluon vertex,
ω˜j = ωj+iµq and Ωjl = ωj−ωl with ωj = (2j+1)πT , the
Matsubara frequency. In practical calculation we adopt
at first stage the rainbow approximation for the vertex
Γν(~p, ω˜m, ~q, ω˜l;T, µq) = γν , the infrared constant model
(QC model) [9, 11, 53] for the dressed-gluon propagator,
m0=3.4MeV and ω=0.5MeV as our parameters.
The kth order quark number density susceptibility
(fluctuation) is obtained as
χqk =
1
β(k−1)
∂(k−1)nq
∂(k−1)µq
, (5)
where β = 1/T and k = 2, 3, 4, · · · . The susceptibilities
are related to the moments of the multiplicity distribu-
tions of the corresponding conserved charges as
χ1
χ2
=M/σ2 ,
χ3
χ1
= Sσ3/M ,
χ3
χ2
= Sσ ,
χ4
χ2
= κσ2 , (6)
where M , σ2, S and κ are correspondingly the mean,
the variance, the skewness and the kurtosis of the mul-
tiplicity distribution. By comparing the theoretical net-
baryon number fluctuations in terms of temperature and
chemical potential with the experimental data one can
determine the freeze–out parameters [34].
However, the system created in RHIC exists in finite
size but not at the thermodynamical limit. To determine
the freeze–out parameters in experiment one has to take
the finite size and the surface effects into account. As-
suming the size scale of the systems as L, and adopting
the anti-periodic condition, the momentum of a fermion
should be pj = (2j+1)π/L. The finite size effect can thus
be roughly incorporated by a non-zero momentum cut-
off [41, 42] |p|min = π/L. It corresponds to an infrared
momentum cut-off in Eqs. (2) and (4). It is remarkable
that such an L is not the size of the fireball, but an effec-
tive scale that the ingredients of the matter can interact.
We also incorporate the effect of the surface through
the multiple reflection expansion (MRE) approximation.
In the MRE approximation, the thermodynamical quan-
tities of a droplet composed of quarks can be derived
from a density of states in the form [44–46]
dN
dp
= 6
[
p2V
2π2
+ fs(
p
M
)pS + fc(
p
M
)C + · · ·
]
, (7)
where V is the volume of the droplet, S = 4πL2 and
C = 8πL are the area, the extrinsic curvature of the sur-
face of the droplet, respectively. The fs(
p
M
) and fc(
p
M
)
are the contributions to the density of states from the
surface and the curvature, respectively, with p being the
momentum and M the constituent quark mass. Rigor-
ously, one should solve the coupled equations [40]. For
simplicity we set M in Eq. (7) to be that calculated from
a system of size L.
Freeze-out Parameters.— We have carried out calcula-
tions with L =∞(the thermodynamical limit) and vari-
ous finite values of L. The calculations manifest that the
fluctuations (skewness, kurtosis, etc.) in the T –µB plane
behave qualitatively the same as those given in Ref. [9],
respectively, except for the pseudo-critical temperature
Tc. The Tc determined by the chiral susceptibility cri-
terion is 151.3MeV in case of L = ∞, 127.3MeV when
L = 2.2 fm and 129.4MeV for L = 2.2 fm with the sur-
face effect being included via the MRE correction. The
obtained µB dependence of the baryon number suscepti-
bility ratios χB1 /χ
B
2 and χ
B
3 /χ
B
1 in case of L = 2.2 fm at
several values of temperature are shown in Fig. 1. It is
evident that our results agree with the lattice QCD re-
sults [34] qualitatively very well. In order to extract the
freeze-out parameters, we plot the experiment values of
the efficiency-corrected cumulant ratios C1/C2 = M/σ
2
and C3/C1 = Sσ
3/M of net-proton multiplicity distribu-
tions in central collisions [21] as horizontal lines. By fit-
ting our calculated χB1 /χ
B
2 and χ
B
3 /χ
B
1 values in terms of
T and µB with the experimental data we get the freeze–
out parameters (µfB , T
f). The obtained results when
L = ∞ (only available for √SNN ≥27GeV), L = 2.2 fm
and L = 2.2 fm with the MRE correction are listed in
Table I.
We illustrate the presently calculated relation between
the baryon chemical potential µfB and the center-of-mass
energy of the collision,
√
SNN , and the comparison with
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FIG. 1. (color online) Calculated baryon chemical potential
dependence of the fluctuation ratios χB1 /χ
B
2 (upper panel)
and χB3 /χ
B
1 (lower panel) of the system with L = 2.2 fm at
several values of temperature near the Tc. The dashed hori-
zontal lines stand for the experimental values of the efficiency-
corrected C1/C2 = M/σ
2 and C3/C1 = Sσ
3/M of net-
proton multiplicity distributions in the central collisions at√
SNN = 200, 62.4, 39, 27, 19.6, 11.5, 7.7GeV given in
Ref. [21]. The stars label our assigned freeze-out points.
TABLE I. Calculated freeze-out parameters (µfB , T
f ) in case
of L = ∞, L = 2.2 fm and L = 2.2 fm with the MRE correc-
tion (Tc, T
f and µfB are in unit MeV and
√
SNN in GeV).
√
SNN
L = infinity L = 2.2 fm L = 2.2 fm+MRE
(Tc = 151.3) (Tc = 127.3) (Tc = 129.4)
µfB T
f µfB T
f µfB T
f
200 23.1 157.5 17.6 127.0 18.3 128.5
62.4 67.3 157.5 53.4 128.9 55.3 130.2
39 105.8 155.5 89.6 127.9 87.1 129.3
27 173.8 149.5 120.2 127.0 123.0 128.2
± 35.6 ± 4.0
19.6 — — 146.6 126.0 155.7 126.7
11.5 — — 256.1 119.5 287.2 118.0
± 45.1 ± 4.0 ± 66.1 ± 5.5
7.7 — — 283.5 118.0 277.9 119.5
± 76.5 ± 6.0 ± 76.1 ± 7.0
those given in lattice QCD simulations (e.g., Ref. [34])
and model calculations (e.g., Refs. [26, 30]) in Fig. 2.
We see from Fig. 2 that our freeze-out baryon chemical
potential in case of L = ∞ and that when L = 2.2 fm
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FIG. 2. (color online) Comparison of presently obtained√
SNN dependence of the baryon chemical potential in cases
of L = ∞ and L = 2.2 fm with those given in lattice QCD
simulation [34], HRG model [30] and the parameterized one
in SHM model [26]. The error bars on our fitted line in the
L = 2.2 fm case label the uncertainty of the freeze-out chem-
ical potential.
match the lattice QCD result and model calculation re-
sults very well in the region µB < 110MeV, while those
in case of L = 2.2 fm deviate from previous results in
the µB > 110MeV range. We then re-fit our freeze-out
conditions in case of L = 2.2 fm as:
µfB =
c
1 + d
√
SNN
, (8)
T f = T 0
[
1− a
(µfB
T 0
)2
− b
(µfB
T 0
)4]
. (9)
The obtained parameters are T 0 = 128.3MeV, a =
0.0122, b = 0.000990, c = 676.8MeV, and d =
0.168GeV−1 for the case of L = 2.2 fm without MRE
correction. The fitted curve µfB(
√
SNN ) is also dis-
played in Fig. 2. With these formulas one can have
the freeze–out parameters (µfB , T
f) of the system gen-
erated in any collision energy. For example, corre-
sponding to
√
SNN = 5.5GeV, 14.5GeV, (µ
f
B , T
f) =
(351.8, 109.5)MeV, (197.0, 123.9)MeV, respectively.
Phase Diagram and Further Prediction.— With the
quark propagator obtained by solving the DSE, we can
get the temperature and chemical potential dependence
of the quark condensate and the dynamical mass of the
quark, which are commonly regarded as appropriate or-
der parameters of chiral phase transition. Taking the
chiral susceptibility criterion [8] we determine the lower
boundary of the chiral phase crossover region. The ob-
tained pseudo-critical temperatures at zero chemical po-
tential in the two cases are listed in Table I. As for the
upper boundary, we assign it as the set of the states for
the dynamical quark mass at zero momentum to decrease
to the 10% of that at T = 0 and µB = 0. The obtained
crossover regions in cases of L =∞ and L = 2.2 fm are
shown as the shadowed regions in Fig. 3. With the chiral
susceptibility criterion [8] or the fluctuation criterion [9],
we determine the boundaries of the first order transition
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FIG. 3. (color online) Calculated QCD phase diagram in case
of thermodynamic limit (upper panel) and that in case of
L = 2.2 fm (lower panel), together with the calculated freeze-
out lines (in case of L =∞, we show also those given in lattice
QCD [34] and HRG model [30] for comparison).
region and the location of the CEP. The obtained results
in the two cases are displayed in Fig. 3. We illustrate also
the presently obtained chemical freeze–out lines in the
two cases in Fig. 3. The figure manifests apparently that
T f(µB = 0) = 157.5MeV is a few MeVs higher than the
Tc(µB = 0) = 151.3MeV in the thermodynamical limit
(i.e., with L = ∞), but T f(µB = 0) ≯ Tc(µB = 0) in
case of L = 2.2 fm. It indicates that the result including
the finite size effect is more reasonable. We also notice
that the finite size effect shifts the location of the CEP to
higher baryon chemical potential and lower temperature
drastically, which is consistent with the behavior given
in phenomenological model calculations [39, 41].
It is known that the κσ2 = χ4/χ2 is a direct observ-
able in experiment and may demonstrate the property of
the states around the CEP well. We calculate χB4 /χ
B
2 in
the T –µB plane and pick out the value along the freeze-
out line to get the
√
SNN dependence of χ
B
4 /χ
B
2 . The
obtained results in case of thermodynamical limit, finite
size with L = 2.2 fm and L = 2.2 fm with MRE correc-
tion are depicted in Fig. 4. It is apparent that, without
considering the finite size effect, our calculated χB4 /χ
B
2
decreases more rapidly than the experimental data as
the
√
SNN descends. With the finite size effect being
taken into account, we can reproduce the experimental
data in
√
SNN ≥ 19.6GeV region excellently and the
MRE correction improves the agreement a little further.
In the lower collision energy region, the κσ2 exhibits a
NNS
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 experiment
B 4/
B 2
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FIG. 4. (color online) Calculated collision energy
√
SNN de-
pendence of κσ2 = χB4 /χ
B
2 at the freeze-out line. The black
circles are the experimental values [21], the green circles stand
for our results in case of infinite volume, the blue and red
points denote our results in the case of L = 2.2 fm with-
out and with MRE correction respectively. The shadowed
region(s) displays the uncertainties corresponding to those of
the µfB and T
f .
non-monotonic behavior which may reach its minimum
as
√
SNN is about even smaller than 10GeV, and then
increases drastically when
√
SNN decreases further.
Summary.— In summary, we calculate the baryon num-
ber susceptibilities in a two-flavor quark system via the
DSE approach of QCD in case of not only thermody-
namic limit but also finite size. By comparing the cal-
culated ratios χB1 /χ
B
2 and χ
B
3 /χ
B
1 with the experimental
data of the net-proton multiplicity distribution in BES
at RHIC, we obtained the temperature and the baryon
chemical potential at the chemical freeze-out states. We
calculate also the collision energy dependence of the κσ2
at the freeze-out line and observed an excellent agreement
with experimental data in the region
√
SNN ≥ 19.6GeV
when taking into account the finite size effect. It shows
that the finite size effect is significant in studying the
QCD phase transitions with RHICs, while the surface
effect offers slight correction further. The obtained col-
lision energy
√
SNN dependence of the κσ
2 exhibits a
non-monotonic behavior in lower collision energy region.
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